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Let G be a ﬁnite group and H a subgroup of G . Then H is said to
be s-permutable in G if HP = P H for all Sylow subgroups P of G .
Let HsG be the subgroup of H generated by all those subgroups
of H which are s-permutable in G and HsG the intersection of all
such s-permutable subgroups of G which contain H . We say that:
(1) H is s-embedded in G if G has an s-permutable subgroup T such
that T ∩ H  HsG and HT = HsG ; (2) H is n-embedded in G if G has
a normal subgroup T such that T ∩ H  HsG and HT = HG .
Our main results here are the following theorems.
Theorem A. A group G is supersoluble if and only if every maximal
subgroup of every non-cyclic Sylow subgroup of the generalized Fitting
subgroup F ∗(G) of G is n-embedded in G.
Theorem B. A group G is supersoluble if and only if for every non-cyclic
Sylow subgroup P of the generalized Fitting subgroup F ∗(G) of G, every
cyclic subgroup H of P with prime order and with order 4 (if P is a non-
abelian 2-group and H  Z∞(G)) is n-embedded in G.
Theorem F. A group G is supersoluble if and only if every 2-maximal
subgroup E of G with non-primary index |G : E|, both has a cyclic
supplement in EsG and is s-embedded in G.
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All groups considered in this paper are ﬁnite.
Recall that a subgroup A of a group G is said to permute with a subgroup B if AB = B A. If A
permutes with all subgroups of G , then A is called quasinormal [1] or permutable [2,3] in G . A sub-
group A is said to be an s-permutable subgroup or an s-quasinormal subgroup of G if A permutes
with all Sylow subgroups of G . Let H be a subgroup of a group G and let HsG be the intersection
of all s-permutable subgroups of G containing H and HsG the subgroup of H generated by all those
subgroups of H which are s-permutable in G . Then we say that HsG is the s-core of H in G [4] and
HsG is the s-quasinormal closure of H in G .
Quasinormal subgroups possess a series of interesting properties. For instance, if H is a quasi-
normal subgroup of some ﬁnitely generated group G , then H is subnormal in G [2]. This result
generalizes Ore’s theorem [1]: Every quasinormal subgroup of a ﬁnite group is subnormal. Ito and Szep
strengthened Ores’s result in another direction. They proved [5] that for each quasinormal subgroup
H of a group G , the quotient H/HG is nilpotent. Subsequently, Maier and Schmid proved [6] that
under such assumptions it is even true that H/HG  Z∞(G/HG). Kegel [7] and Deskins [8] showed
that the subgroups H , which is permutable with all Sylow subgroups of G , inherit a series key prop-
erties of quasinormal subgroups. In particular, such subgroups H are still subnormal and H/HG is
nilpotent. If, in addition, G is soluble and H is permutable with all system normalizers of G , then
H/HG  Z∞(G/HG) [9].
Nevertheless, s-permutable subgroups have the following property which essentially distinguishes
them from quasinormal subgroups: The s-permutable subgroups of a group G form a sublattice of the lattice
L(G) of all subgroups of G [7]. This important result shows, in particular, that for any subgroup H of a
group G both subgroups HsG and HsG are s-permutable in G . Based on this fact, we give some new
applications of s-permutable subgroups in the theory of soluble groups. Our main tools here are the
following two concepts.
Deﬁnition 1.1. Let H be a subgroup of a group G . We say that:
(1) H is s-embedded in G if G has an s-permutable subgroup T such that T ∩ H  HsG and HT = HsG .
(2) H is n-embedded in G if G has a normal subgroup T such that T ∩ H  HsG and HT = HG .
It is clear that every s-permutable subgroup and every n-embedded subgroup are s-embedded.
Another interesting subclass of s-embedded subgroups consists of so-called c-normal subgroups. Re-
call that a subgroup H of a group G is said to be c-normal in G [22] if G has a normal subgroup T
such that HT = G and T ∩H  HG . It is clear that every c-normal subgroup is n-embedded and hence
it is also s-embedded.
Now consider the following two examples.
Example 1.2. Let m > 2 and P = Dm = 〈x, y | x2m−1 = y2 = 1, xy = x−1〉 be the dihedral group of
order 2m . Let A = 〈x2m−2 〉, B = 〈y〉 and H = AB . Let Cp be a group of prime order p = 2 and G =
Cp  P = [K ]P where K is the base group of the regular wreath product G .
(1) A is n-embedded in G, but A is neither s-permutable nor c-normal in G.
In fact, since A = Z(P ) by [10, Chapter 5, Theorem 4.3(2)], K A is normal in G . Hence AG  K A.
It follows that AG = AG ∩ K A = A(AG ∩ K ) and so A is n-embedded in G . Suppose that A is s-
permutable in G . Then A is subnormal in G , which implies A  O 2(G) (see below Lemma 2.1(6)).
But then A  CG(K ), a contradiction. Hence A is not an s-permutable subgroup of G . Now suppose
that for some normal subgroup T of G we have G = AT and A ∩ T  AG = 1. Then 〈x〉 = 〈x〉 ∩ AT =
A(〈x〉 ∩ T ). It follows that 〈x〉 ∩ T = 〈x〉. Hence A  T , a contradiction. Therefore A is not c-normal in
G .
(2) H is s-embedded in G, but it is not n-embedded in G.
By [10, Chapter 5, Theorem 4.3(ii)], Z(P ) = A and every maximal subgroup of P is either cyclic or
dihedral. Note that if H is normal in P , then P/CP (H) is isomorphic with some subgroup of GL(2,2)
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normal in P . It is clear that HsG = 1 and K H is s-permutable in G . It follows that HsG  K H . Hence
HsG = HsG ∩ K H = H(HsG ∩ K ) and HsG ∩ K is an s-permutable subgroup of G by [7, Theorem 1].
This implies that H is s-embedded in G . We now prove that H is not n-embedded in G . Let a ∈ P
such that H = Ha . Since A = Z(P ), B = Ba . Hence P  HG . Suppose that for some normal subgroup
T of G we have HG = HT and T ∩ H  HsG = 1. Then P = H(T ∩ P ) where T ∩ P ∩ H = 1. It follows
that P = [T ∩ P ]H , which is impossible since A = Z(P ). Therefore H is not n-embedded in G .
Recall that the generalized Fitting subgroup F ∗(G) of a group G is the set of all elements x of
G which induce an inner automorphism on every chief factor of G . In the last years, many criteria
(suﬃcient conditions) for supersolubility based on application of the subgroups F ∗(G) and F (G) are
obtained (see Section 5 in [4]). In this connection naturally there is a question:
Question. Whether the supersoluble groups can be characterized by properties of their generalized
Fitting subgroups?
Our ﬁrst two theorems give the aﬃrmative answer to this question.
Theorem A. A group G is supersoluble if and only if every maximal subgroup of every non-cyclic Sylow sub-
group P of the generalized Fitting subgroup F ∗(G) of G is n-embedded in G.
Theorem B. A group G is supersoluble if and only if for every non-cyclic Sylow subgroup P of the generalized
Fitting subgroup F ∗(G) of G, every cyclic subgroup H of P with prime order and with order 4 (if P is a non-
abelian 2-group and H  Z∞(G)) is n-embedded in G.
The proof of Theorems A and B consists of a large number of steps. The following three theorems
are the main stages of it.
Theorem C. A group G is soluble if for every non-cyclic Sylow subgroup P of F ∗(G) every maximal subgroup of
P or every cyclic subgroup H of P with prime order and order 4 (if P is a non-abelian 2-group and H  Z∞(G))
is s-embedded in G.
Theorem D. Let F be a saturated formation containing all supersoluble groups and G a group with a normal
subgroup E such that G/E ∈ F. If for every non-cyclic Sylow subgroup P of E every maximal subgroup of P or
every cyclic subgroups H of P with prime order and order 4 (if P is a non-abelian 2-group and H  Z∞(G))
is n-embedded in G, then G ∈ F.
Theorem E. Let F be a saturated formation containing all supersoluble groups and G a group with a normal
subgroup E such that G/E ∈ F. If for every non-cyclic Sylow subgroup P of F ∗(E) everymaximal subgroup of P
or every cyclic subgroup H of P with prime order and order 4 (if P is a non-abelian 2-group and H  Z∞(G))
is n-embedded in G, then G ∈ F.
Note that Theorems C, D and E are independently interesting because the main results of many
papers (see, for example, [20–36]) are special cases of these theorems. We prove these theorems in
Sections 3, 4 and 5, respectively.
In Section 6 we analyse another application of s-embedded subgroups which is connected with
2-maximal subgroups. Recall that a subgroup E of a group G is called a second maximal subgroup or a
2-maximal subgroup of G (see page 24 in [11]) if E is a maximal subgroup of some maximal subgroup
of G . 2-maximal subgroups were introduced by Huppert in [12] in which it was proved that a group
is supersoluble if every its 2-maximal subgroup is normal. This result stimulated occurrence of a
large number of theorems connected with ﬁnding criteria for a group belonging to a given class of
groups, in particular, the criteria of supersolubility on the basis of conditions imposed on 2-maximal
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be characterized by properties of their 2-maximal subgroups? A positive solution to this question was
at ﬁrst given in [14], by using the theory of X-permutable subgroups. Our next theorem gives a
characterization for supersolubility of groups in the terms of s-embedded subgroups.
We say that a subgroup M of a group G has non-primary index if |G : M| has at least two different
prime divisors.
Theorem F. A group G is supersoluble if and only if every 2-maximal subgroup E of G with non-primary index
|G : E|, both has a cyclic supplement in EsG and is s-embedded in G.
Finally, note that almost all classiﬁcation results in which one of the conditions “to be a c-normal
subgroup” or “to be an s-permutable subgroup” is involved may be non-trivially generalized on the
base of the concept of s-embedded or n-embedded subgroup. A partial illustration for this can be
found in Section 7.
2. Preliminaries
The following known results about subnormal and s-permutable subgroups will be used in the
paper several times.
Lemma 2.1. Let G be a group and A  K  G, B  G.
(1) If A and B are subnormal in G, then 〈A, B〉 is subnormal in G [3, A, 14.4].
(2) Suppose that A is normal in G. Then K/A is subnormal in G/A if and only if K is subnormal in G
[3, A, 14.1].
(3) If A is subnormal in G, then A ∩ B is subnormal in B [3, A, 14.1].
(4) If A is a subnormal Hall subgroup of G, then A is normal in G [13].
(5) If A is subnormal in G and B is a Hall π -subgroup of G, then A ∩ B is a Hall π -subgroup of A [13].
(6) If A is subnormal in G and A is a π -subgroup of G, then A  Oπ (G) [13].
(7) If A is subnormal in G and the index |G : A| is a p′-number, then A contains all Sylow p-subgroups
of G [13].
(8) If A is subnormal in G and B is a minimal normal subgroup of G, then B  NG(A) [3, A, 14.3].
(9) If A is subnormal in G and A is soluble, then A is contained in some normal soluble subgroup of G [13].
Lemma 2.2. Let G be a group and H  K  G.
(1) If H is s-permutable in G, then H is s-permutable in K [7].
(2) Suppose that H is normal in G. Then K/H is s-permutable in G/H if and only if K is s-permutable in G [7].
(3) If H is s-permutable in G, then H is subnormal in G [7].
(4) If H and F are s-permutable in G subgroups, then H ∩ F is s-permutable in G [7].
(5) If H is s-permutable in G, then H/HG is nilpotent [8].
(6) If H is s-permutable in G and M  G, then H ∩ M is s-permutable in M [8].
The following observation is well known (see, for example, [9, Lemma A]).
Lemma 2.3. If H is s-permutable in a group G and H is a p-group for some prime p, then O p(G) NG(H).
Lemma 2.4. (See [4, Lemma 2.8].) Let G be a group and H  K  G. Then:
(1) HsG is an s-permutable subgroup of G and HG  HsG .
(2) HsG  HsK .
(3) Suppose that H is normal in G. Then (K/H)s(G/H) = KsG/H.
(4) If H is either a Hall subgroup of G or a maximal subgroup of G, then HsG = HG .
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(1) HsG is an s-permutable subgroup of G and HsG  HG .
(2) HsK  HsG .
(3) If H is normal in G, then (K/H)s(G/H) = K sG/H.
(4) If H is either a Hall subgroup of G or a maximal subgroup of G, then HsG = HG .
Proof. (1)–(3) are evident. (4) Suppose that H is a Hall π -subgroup of G and x ∈ G . Then Hx is also
a Hall π -subgroup of G and so by Lemmas 2.1(5) and 2.2(3), Hx ∩ HsG is a Hall π -subgroup of HsG .
But since H  HsG , Hx  HsG . It follows that HG  HsG  HG . Now assume that H is a maximal
subgroup of G . By Lemmas 2.2(3) and 2.4(1), HsG is subnormal in G . Thus, either H = HG = HsG or
HG = HsG = G . 
Lemma 2.6. Let G be a group and H  K  G.
(1) If H is s-permutable in G, then H is s-embedded in G.
(2) Suppose that H is normal in G. Then K/H is s-embedded in G/H if and only if K is s-embedded in G.
(3) If H is s-embedded in G, then H is s-embedded in K .
(4) Suppose that H is normal in G. Then the subgroup HE/H is s-embedded in G/H for every s-embedded in
G subgroup E satisfying (|H|, |E|) = 1.
Proof. (1) This is evident.
(2) First assume that K/H is s-embedded in G/H and let T /H be an s-permutable subgroup of
G/H such that (K/H)(T /H) = (K/H)s(G/K ) and (T /H)∩ (K/H) (K/H)s(G/H) . Then by Lemma 2.2(2),
T is s-permutable in G and by Lemmas 2.4(3) and 2.5(3), K T = K sG and T ∩ K  KsG . This shows
that K is s-embedded in G . Now assume that K is s-embedded in G . Then for some s-permutable
subgroup T of G we have K T = K sG and T ∩ K  KsG . Hence HT /H is an s-permutable subgroup of
G/H such that (HT /H)(K/H) = K T /H = K sG/H = (K/H)sG and (HT /H) ∩ (K/H) = (HT ∩ K )/H =
H(T ∩ K )/H  HKsG/H = KsG/H = (K/H)s(G/H) . This shows that K/H is s-embedded in G/H .
(3) Let T be an s-permutable subgroup of G such that HT = HsG and T ∩ H  HsG . Let
T0 = T ∩ HsK . Then T0 = K ∩ T ∩ HsK . By Lemma 2.2(6), K ∩ T is s-permutable in K and so by
Lemma 2.2(4), T0 is s-permutable in K . Besides, by Lemma 2.5(2) we have HsK  HsG and hence
HsK = HsK ∩ HsG = HsK ∩ HT = H(HsK ∩ T ) = HT0. Finally, by Lemma 2.4(2), H ∩ T0  H ∩ T 
HsG  HsK . Hence H is s-embedded in K .
(4) Assume that E is s-embedded in G and let T be an s-permutable subgroup of G such that
ET = EsG and T ∩ E  EsG . Then T0 = HT is an s-permutable subgroup of G such that HT E = HEsG =
(HE)sG . Since (|E|, |H|) = 1, E is a Hall π -subgroup of EH and H is a Hall π ′-subgroup of EH for
some set π of primes. Let D = T ∩ HE . By Lemmas 2.1(3) and 2.2(3), D is subnormal in HE and
consequently D = (D ∩ H)(D ∩ E)  H(T ∩ E)  HEsG  (HE)sG . Hence HT ∩ HE = H(T ∩ HE) 
(HE)sG . This shows that HE is s-embedded in G and so by (2), HE/H is s-embedded in G/H . 
Lemma 2.7. Let G be a group and H  K  G.
(1) Suppose that H is normal in G. Then K/H is n-embedded in G/H if and only if K is n-embedded in G.
(2) If H is n-embedded in G, then H is n-embedded in K .
(3) Suppose that H is normal in G. Then the subgroup HE/H is n-embedded in G/H for every n-embedded
in G subgroup E satisfying (|H|, |E|) = 1.
Proof. See the proof of Lemma 2.6. 
In this paper, we use U to denote the class of all supersoluble groups; ZU∞(G) denotes the U-
hypercenter of a group G , that is, the product of all such normal subgroups H of G whose G-chief
factors have prime order.
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(1) If N is elementary and every maximal subgroup of N is n-embedded in G, then some maximal subgroup
of N is normal in G.
(2) If N is a group of exponent p and every minimal subgroup of N is n-embedded in G, then N  ZU∞(G).
(3) If N is a group of exponent p, O p(G) = G and every minimal subgroup of N is s-embedded in G, then
N  ZU∞(G).
Proof. (1) Let L be a minimal normal subgroup of G contained in N . Suppose that L = N . By
Lemma 2.7(1), the hypothesis holds on G/L and so by induction some maximal subgroup M/L of
N/L is normal in G . Hence (1) holds.
Now suppose that N = L. Let M be any maximal subgroup of N and T a normal subgroup
of G such that MT = MG and T ∩ M  MsG . If MsG = M , then T = N and so T = 1, a contra-
diction. Therefore for any maximal subgroup M of N we have MsG = M and so by Lemma 2.3,
O p(G)  NG(M). This means that either (1) holds or for all maximal subgroups M of N we have
|G : NG(M)| = pa for some a ∈ N. Suppose that we have the second case. Let M1, . . . ,Mt be the
set of all maximal subgroups of N . Then p divides t , which contradicts [17, III, 8.5(d)]. Thus (1)
holds.
(2) Suppose that for some chief factor H/K of G where H  N we have |H/K | > p. By induction,
we may assume that |D/L| = p for every chief factor D/L of G with D < H . Assume that |H/K | = p.
If every minimal subgroup of H/K is s-permutable in G/K , then obviously every maximal subgroup
of H/K is s-permutable in G/K . Hence by (1), H/K has a maximal subgroup which is normal in G/K .
This contradiction shows that some minimal subgroup L/K of H/K is not s-permutable in G/K . Let
x ∈ L\K and V = 〈x〉. Then |V | = p, L = V K and V is not s-permutable in G . By hypothesis, for some
normal subgroups T of G we have V G = V T and T ∩ V  VsG = 1. If V G = H , then H/T  V is a
group of order p and so |H/K | = p by [3, A, Theorem 9.13], a contradiction. Now assume that V G = H .
Since V  K , V G  K . Hence we have the following G-isomorphism H/K = K V G/K  V G/V G ∩ K .
But since V G = H , |V G/V G ∩ K | = p and thereby |H/K | = p. This contradiction shows that (2) holds.
(3) This follows directly from Lemma 2.3 and (2). 
Recall that a formation F is a homomorph of groups such that each group G has a smallest normal
subgroup (denoted by GF , and called the F-residual of G) whose quotient is still in F. A formation F
is said to be saturated if F contains each group G with G/Φ(G) ∈ F.
The following lemma is obvious.
Lemma 2.9. Let F be a saturated formation containing U (containing all nilpotent groups) and G be a group
with a normal subgroup E such that G/E ∈ F. If E is cyclic (if E is contained in Z(G), respectively), then G ∈ F.
Lemma 2.10. Let F be a saturated formation containing all nilpotent groups and G a group with soluble F-
residual P = GF . Suppose that every maximal subgroup of G not containing P belongs to F. Then P is a
p-group for some prime p. In addition, if every cyclic subgroup H of P with prime order and order 4 (if P is a
non-abelian 2-group and H  Z∞(G)) is n-embedded in G, then |P | = p. In particular, p is not the smallest
prime dividing |G|.
Proof. By [18, VI, Theorem 24.2], P = GF is a p-group for some prime p and the following hold:
(1) P/Φ(P ) is a G-chief factor of P ; (2) P is a group of exponent p or exponent 4 (if p = 2 and P
is non-abelian); (3) if P is abelian, then Φ(P ) = 1. Assume that every cyclic subgroup of P with
prime order and order 4 (if p = 2, P is non-abelian and H  Z∞(G)) is n-embedded in G . We
shall show that |P | = p. In view of (3) we need only to prove that |P/Φ(P )| = p. If every mini-
mal subgroup of P/Φ(P ) is s-permutable in G/Φ(P ), then every maximal subgroup of P/Φ(P ) is
s-permutable in G/Φ(P ). Consequently |P/Φ(P )| = p by Lemma 2.8(1). Otherwise, let X/Φ(P ) be a
minimal subgroup of P/Φ(P ) which is not s-permutable in G/Φ(P ) and let x ∈ X\Φ(P ) and L = 〈x〉.
Then |L| = p or |L| = 4. Hence by hypothesis L is either L ⊆ Z∞(G) or n-embedded in G . In the former
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(P ∩ Z∞(G))Φ(P )/Φ(P ) = P/Φ(P )  P ∩ Z∞(G)/P ∩ Z∞(G) ∩ Φ(P ), we obtain that |P/Φ(P )| = p.
In the second case, by Lemma 2.2(2), L is not s-permutable in G . Thus, for some normal sub-
group T of G we have LT = LG and T ∩ L  LsG = L. Since L  Φ(P ), LGΦ(P ) = P . This implies
that LG = P = T L and so Φ(P ) < Φ(P )T < P , which contradicts (1). Hence |P/Φ(P )| = p and so
|P | = p. Suppose that p is the smallest prime dividing |G|. Then CG(P ) = G and consequently G ∈ F
by Lemma 2.9. This contradiction completes the proof. 
Lemma 2.11. (See [34, Theorem 1.8.17].) Let P be a nilpotent normal subgroup of a group G. If P ∩ Φ(G) = 1,
then P is a direct product of some minimal normal subgroups of G.
Lemma 2.12. (See [17, III, 3.5].) Let A, B be normal subgroups of a group G and A Φ(G). Suppose that A  B
and B/A is nilpotent. Then B is nilpotent.
Let p be a prime. A group G is said to be p-closed if G has a normal Sylow p-subgroup. Recall that
a formation F is said to be a Fitting formation if the following hold:
(1) F contains every normal subgroup of every its group.
(2) If A, B are normal subgroups of G and A, B ∈ F, then G ∈ F.
Lemma 2.13. (See [18, p. 34].) Let p be a prime. Then the class of all p-closed groups is a saturated Fitting
formation.
The following well-known facts about the generalized Fitting subgroups are needful in our proof
(see [19, Chapter X]).
Lemma 2.14. Let N  G.
(1) If N is normal in G, then F ∗(N) = F ∗(G) ∩ N.
(2) If N is normal in G and N  F ∗(G), then F ∗(G)/N  F ∗(G/N).
(3) F (G) F ∗(G) = F ∗(F ∗(G)). If F ∗(G) is soluble, then F ∗(G) = F (G).
(4) F ∗(G) = F (G)E(G) and F (G) ∩ E(G) = Z(E(G)) where E(G) is the layer of G (see [19, p. 128]).
(5) CG(F ∗(G)) F (G).
Lemma 2.15. If H be a normal soluble subgroup of a group G, then F ∗(G/Φ(H)) = F ∗(G)/Φ(H).
Proof. Let F ∗(G/Φ(H)) = E/Φ(H). It is well known that the class of all quasinilpotent groups (i.e.,
all the groups A with F ∗(A) = A) is a solubly saturated formation (see, for example, [16, p. 97]).
Hence E is quasinilpotent. On the other hand, by Lemma 2.14 we have Φ(H)  F ∗(G) and
F ∗(G)/Φ(H) E/Φ(H). Hence F ∗(G/Φ(H)) = F ∗(G)/Φ(H). 
The following lemma is a direct corollary of [19, X, (13.6)].
Lemma 2.16. Let P be a normal p-subgroup of a group G contained in Z(G). Then F ∗(G/P ) = F ∗(G)/P .
Lemma 2.17. (See [10, Chapter 5, Theorem 3.13].) For an odd p, a p-group P possesses a characteristic subgroup
D of class at most 2 and of exponent p such that every nontrivial p′-automorphism of P induces a nontrivial
automorphism of D.
3. Proof of Theorem C
We start the proof of Theorem C with the following two lemmas.
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that all maximal subgroups of P or all cyclic subgroups H of P with prime order and order 4 (if P is non-abelian
and H  Z∞(G)) are s-embedded in G. Then G is nilpotent.
Proof. Suppose that this lemma is false and let G be a counterexample of minimal order. Then
|P | > 2. We ﬁrst prove that some maximal subgroup of P is not s-embedded in G . Indeed, suppose
that every maximal subgroup of P is s-embedded in G . Then by Lemma 2.6(2), the hypothesis is still
true for G/L for any minimal normal subgroup L of G and so G/L is nilpotent. It follows that L is the
only minimal normal subgroup of G and L  Φ(G). But then L = CG(L) and hence L = P is abelian.
It follows from Lemma 2.3 that every s-permutable subgroup T of P is normal in G . Consequently,
either T = 1 or T = P . Let V be a maximal subgroup of P . Then G has an s-permutable subgroup T
such that V sG = V T and T ∩ V  VsG = 1. It is clear that 1 = T = P , which contradicts the minimality
of L = P . Hence some maximal subgroup of P is not s-embedded in G and thereby by hypothesis
every cyclic subgroup H of P with prime order and order 4 (if P is non-abelian and H  Z∞(G)) is
s-embedded in G . Let H = [H2]Hq be a Schmidt subgroup of G , that is, a non-nilpotent subgroup all
proper subgroup of which are nilpotent. Then by Lemma 2.6(3) every cyclic subgroup V of H2 with
prime order and order 4 (if P is a non-abelian 2-group and H  Z∞(G)) is s-embedded in H and
so by Lemma 2.3, V is n-embedded in H since evidently O 2(H) = H . But this, in view of |P | > 2,
contradicts Lemma 2.10. 
Lemma 3.2. Suppose that for every non-cyclic Sylow subgroup Q of G, either all maximal subgroups of Q or
all cyclic subgroups H of Q with prime order and order 4 (if Q is a non-abelian 2-group and H  Z∞(G)) are
s-embedded in G. Then G is soluble.
Proof. Suppose that this lemma is false and let G be a counterexample of minimal order. Let P be
a Sylow p-subgroup of G , where p is the smallest prime dividing |G|. Then p = 2 by Feit–Thomson
theorem on groups of odd order.
(1) The hypothesis holds for every Hall subgroup of G and for every quotient G/X, where X is a normal Hall
subgroup of G . (This follows directly from Lemma 2.6(2), (4).)
(2) G is not 2-nilpotent.
Indeed, assume that G has a normal Hall 2′-subgroup E . Then by (1) and the choice of G , G is
soluble, a contradiction.
(3) P is not cyclic. (This follows from (2) and [17, IV, Theorem 2.8].)
(4) Every maximal subgroup of P is s-embedded in G.
Suppose that some maximal subgroup of P is not s-embedded in G . Then by hypothesis every
cyclic subgroup H of P of prime order and order 4 (if P is a non-abelian 2-group and H  Z∞(G))
is s-embedded in G . Assume that D = O 2(G) = G . Then by Lemma 2.6(3), the hypothesis still holds
for D and so D is soluble by the choice of G . But then G is soluble, which contradicts the choice
of G . Hence D = G . It follows from Lemma 2.3 that every s-permutable subgroup of P is normal in G .
Hence every cyclic subgroup H of P with prime order and order 4 (if P is a non-abelian 2-group
and H  Z∞(G)) is n-embedded in G . Since G is not 2-nilpotent by (2), G has a 2-closed Schmidt
subgroup H = [H2]Hq by [17, IV, Theorem 5.4]. It is clear that |H2| > 2. Without loss of generality,
we may assume that the Sylow 2-subgroup H2 of H is contained in P . By Lemma 2.7(3), every cyclic
subgroup E of H2 with prime order and order 4 (if P is a non-abelian 2-group and H  Z∞(G))
is n-embedded in H , which contradicts Lemma 2.10. Therefore every maximal subgroup of P is s-
embedded in G .
Final contradiction.
Suppose that for some maximal subgroup V of P we have VsG = 1. By Lemmas 2.1(6) and 2.2(3),
we have VsG  D = O 2(G). By Lemma 2.6(2), (4), the hypothesis holds for G/D . Hence by the choice
of G , G/D is soluble, which implies the solubility of G . Therefore VsG = 1 for all maximal subgroups
V of P . By (3), P = V1V2 for some maximal subgroups V1 and V2 of P . Since Vi is s-embedded
in G , G has an s-permutable subgroup Ti such that Di = V sGi = ViTi and Ti ∩ Vi  (Vi)sG = 1. By
Lemma 2.2(3), Ti is subnormal in G . Hence by Lemma 2.1(5), P ∩ Ti is a Sylow 2-subgroup of T .
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is contained in some soluble normal subgroup of V sGi . It follows that V
sG
i is soluble. Therefore, by
Lemmas 2.1(9) and 2.2(3), the subgroup D = 〈V sG1 , V sG2 〉 is contained in some soluble normal subgroup
R of G . Since P  D  R, |G/R| is an odd number. This induces that G is soluble. This contradiction
completes the proof. 
Proof of Theorem C. Suppose that this theorem is false and let G be a counterexample of minimal
order. Put F = F (G) and F ∗ = F ∗(G). Let p be the largest prime divisor of |F | and P the Sylow
p-subgroup of F . We proceed the proof via the following steps:
(1) F ∗ = F and CG (F ) = CG(F ∗) F .
By Lemma 2.6(3), the hypothesis is still true for F ∗ . Hence F ∗ is soluble by Lemma 3.2. It follows
from Lemma 2.14(3) that F ∗ = F . Finally, by Lemma 2.14(5), CG(F ) = CG(F ∗) F .
(2) Every proper normal subgroup X of G containing F is soluble.
By Lemma 2.14(1), F ∗(X)  F ∗ = F  X . Since F ∗ = F is a normal nilpotent subgroup of X ,
F ∗  F ∗(X). Hence F ∗(X) = F ∗ . This implies that the hypothesis still holds for X . Thus X is solu-
ble by the choice of G .
(3) F O p(G) = G .
Indeed, if F O p(G) = G , then F O p(G) is soluble by (2) and thereby G is soluble, which contradicts
the choice of G .
(4) If H is a normal subgroup of P and H is s-permutable in G, then H is normal in G . (This follows
directly from (3) and Lemma 2.3.)
(5) p = 2.
Assume that p = 2. Since p is the largest prime divisor of |F |, F ∗ = F is a 2-group by (1). Let
Q be a subgroup of G of prime order q, where q = 2, and let X = F Q . By Lemmas 2.6(3) and 3.1,
X is nilpotent and so Q is normal in X . It follows that Q  CG (F ). But by (1), CG(F ) = CG(F ∗) F ,
a contradiction. Hence we have (5).
(6) Every maximal subgroup of P is s-embedded in G.
Suppose that some maximal subgroup of P is not s-embedded in G . Then by hypothesis ev-
ery minimal subgroup of P is s-embedded in G . Assume that O p(G) = G . By Lemma 2.14(1),
F ∗(O p(G))  F ∗ = F . It is clear that for any Sylow q-subgroup Q of F where q = p we have
Q  O p(G) and O p(O p(G))  O p(G)  F . Hence by Lemma 2.6(3), the hypothesis is still true for
O p(G). Then by the choice of G , we have that O p(G) is soluble. It follows that G is soluble. This
contradiction shows that O p(G) = G and hence by Lemma 2.3 every s-permutable subgroup of P is
normal in G . Therefore every minimal subgroup of P is n-embedded in G . Since p is odd, P possesses
a characteristic subgroup D of exponent p such that every nontrivial p′-automorphism of P induces
a nontrivial automorphism of D by Lemma 2.17. It follows from Lemma 2.8(2) that D  ZU∞(G). Let
H/K be a chief factor of G where H  D and C = CG(H/K ). Since |H/K | = p, G/C is abelian p′-
group. Since F ∗ = F  C , by Lemma 2.14(1) F ∗(C) = F ∗ . This means that the hypothesis is still true
for C . If C = G , then C is soluble by the choice of G and hence G is soluble, a contradiction. Hence
CG(H/K ) = G for any chief factor H/K of G where H  D . Let
1 = D0  D1  · · · Dt = D (∗)
be a chief series of G below D and C0 = CG(D). Then G/C0  E  Aut(D) and G/C0 stabilizes the
series (∗). Hence by [10, 5, Theorem 3.2], G/C0 is a p-group. But since O p(G) = G , C0 = G . It follows
that CG(P ) = G . Hence by Lemma 2.16, F ∗(G/P ) = F ∗/P . Then by Lemma 2.6(4), the hypothesis still
holds for G/P . It follows that G/P is soluble by the choice of G , which implies the solubility of G .
This contradiction completes the proof of (6).
(7) If L is a minimal subgroup of P , then L is not normal in G.
Assume that L is normal in G . Then F  C = CG (L) and G/C is cyclic. Suppose that C = G . Then
by (2), C is soluble and hence G does, which contradicts the choice of G . Hence C = G . In this case,
F ∗(G/L) = F ∗/L by Lemma 2.16. Then in view of (6) and Lemma 2.6, we see that the hypothesis still
holds for G/L and so G/L is soluble by the choice of G . But then G is soluble, a contradiction.
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F ∗(G/L) = F ∗/L.
Suppose that Φ(G)∩ P = 1. Then P is a direct product of some minimal normal subgroups of G by
Lemma 2.11. Hence P is abelian and so every s-permutable subgroup of P is normal in P . Therefore
by (4) every maximal subgroup of P is n-embedded in G . It follows from Lemma 2.8(1) that P has a
maximal subgroup, which is normal in G . Now by [3, A, 9.13], for some minimal normal subgroup L of
G contained in P we have |L| = p, which contradicts (7). Thus Φ(G) ∩ P = 1. Let L be some minimal
normal subgroup of G contained in Φ(G) ∩ P . If F ∗(G/L) = F ∗/L, then by (6) the hypothesis is true
for G/L. Hence G/L is soluble by the choice of G , which implies the solubility of G . This contradiction
shows that F ∗(G/L) = F ∗/L.
(9) G has a unique maximal normal subgroup M containing F , M is soluble and G/M is a non-abelian
simple group. (This directly follows from (2) and the choice of G .)
(10) G/F is a non-abelian simple group and if L is a minimal normal subgroup of G contained in Φ(G)∩ P ,
then G/L is a quasinilpotent group.
Let L be a minimal normal subgroup of G contained in Φ(G) ∩ P . Then by (8), F ∗(G/L) = F ∗/L.
Thus F/L = F ∗/L is a proper subgroup of F ∗(G/L) by Lemma 2.14(2). Now by Lemma 2.14(4),
F ∗(G/L) = F (G/L)E(G/L) where E(G/L) is the layer of G/L. By (9), every chief series of G has a
unique non-abelian factor. But since E(G/L)/Z(E(G/L)) is the direct product of some simple non-
abelian groups (see [19, p. 128]), F ∗(G/L) = G/L is a quasinilpotent group. Since F (G/L) ∩ E(G/L) =
Z(E(G/L)) by Lemma 2.14(4), G/F  (G/L)/(F/L) is a simple non-abelian group.
(11) F = P .
Assume that P = F and let Q be a Sylow q-subgroup of F where q = p. Then from the G-
isomorphism Q  QP/P , by (10) and [19, X, 13.7], we have Q  Z∞(G). Hence by Lemma 2.16,
F ∗(G/Q ) = F ∗/Q and so by Lemma 2.6 the hypothesis is still true for G/Q . The choice of G im-
plies that G/Q is soluble. It follows that G is soluble, a contradiction.
(12) Φ(P ) = 1.
Assume that Φ(P ) = 1 and let L be a minimal normal subgroup of G contained in Φ(P ). Then
by (10), G/L is quasinilpotent and hence G is quasinilpotent by Lemma 2.15. But then F = F ∗ = G , a
contradiction. Thus (12) holds.
(13) If H is a subgroup of P and H is s-permutable in G, then H is normal in G . (This follows directly
from (4) and (12).)
Final contradiction.
By (8), Φ(G) ∩ P = 1. Let N be a minimal normal subgroup of G contained in Φ(G) ∩ P . By (12),
for some maximal subgroup V of P , we have P = NV . First assume that V is s-permutable in G . Then
by (13), V is normal G . But by (7), |N| > p and so N = N ∩ V = 1, which contradicts the minimality
of N . Therefore V is not s-permutable in G . By (6), there exists an s-permutable subgroup T of G
such that P = V sG = V T and T ∩ V  VsG . By (13), both subgroups T and VsG are normal in G .
Hence VsG = VG .
Suppose that N  T . Then V ∩N  VG ∩ T = V ∩ T . It is clear that 1 = V ∩N ⊆ V ∩ T = VG ∩ T  G .
It follows that V ∩N = N , a contradiction. Thus N  T and consequently N∩ T = 1. Let L be a minimal
normal subgroup of G contained in T . Then by (10) and [19, X, 13.7], LN/N  Z∞(G/N) and thereby
L  Z(G), which contradicts (7). The theorem is proved. 
4. Proof of Theorem D
Suppose that this theorem is false and consider a counterexample (G, E) for which |G||E| is mini-
mal. Let P be a Sylow p-subgroup of E where p is the smallest prime dividing |E|.
(1) The hypothesis holds on every Hall subgroup of E and every quotient G/X where X is a Hall subgroup
of E which is normal in G . (This follows directly from Lemma 2.7.)
(2) If X is a non-identity normal Hall subgroup of E, then X = E.
Since X is a characteristic subgroup of E , it is normal in G and by (1) the hypothesis is still true
for (G/X, E/X). Hence G/X ∈ F by the choice of G . Thus the hypothesis is still true for (G, X) and so
X = E by the choice of (G, E).
(3) If E is not equal to P , then E is not p-nilpotent.
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(4) P is not cyclic. (This follows from (3) and [17, IV, 2.8].)
(5) E is q-closed, where q is the largest prime dividing |E|.
We use M to denote the class of all q-closed groups. Suppose that E is not in M. Then:
(a) E = G .
Indeed, if E = G , then by the choice of G and (1), E is supersoluble and hence it is q-closed, which
contradicts to our assumption on E .
(b) Every maximal subgroup of P is n-embedded in G.
By hypothesis and (4) either every maximal subgroup of P is n-embedded in G or every cyclic
subgroup H of P with prime order and order 4 (if P is a non-abelian 2-group and H  Z∞(G)) is
n-embedded in G . Suppose that we have the second case. Since by (3), G is not p-nilpotent, G has,
by [18, IV, Theorem 5.4], a p-closed Schmidt subgroup H = [Hp]Hr . Thus by Lemma 2.10, p is not the
smallest prime dividing of |G|. This contradiction shows that (b) holds.
(c) G is soluble. (This follows from Lemma 3.2.)
(d) G = QP, where Q is a Sylow q-subgroup of G .
Let Q be a Sylow q-subgroup of G . Since G is soluble, G has a Sylow system P1, P2, . . . , Pt where
P1 = Q by [3, I, 4.4]. Suppose that t > 2. By (1) the hypothesis is true for QPi for all i. Since t > 2,
QPi = G . Hence Pi  NG(Q ) by the choice of G . Therefore Q is normal in G , a contradiction. Thus (d)
holds.
(e) If every minimal subgroup of Q is n-embedded in G, then either Oq(G) = G or |Q | = q.
Suppose that every minimal subgroup of Q is n-embedded in G but Oq(G) = G and let M
be a maximal subgroup of G containing Oq(G). Then M is normal in G and M = P (M ∩ Q ). By
Lemma 2.7(2), the hypothesis holds on M . Hence M ∩ Q is normal in M . Suppose that |Q | > q. Then
M ∩ Q = 1 and M ∩ Q is normal in G . It is clear that the hypothesis still holds for G/M ∩ Q . Hence
Q /M ∩ Q is normal in G/M ∩ Q by the choice of G . But then G is q-closed, a contradiction. Hence
|Q | = q.
(f) If V is a maximal subgroup of P and VG = 1, then V G is q-closed.
Indeed, by (b), G has a normal subgroup T such that D = V G = V T and T ∩ V  VsG . Then
T ∩ V = T ∩ VsG is an s-permutable subgroup of G by Lemma 2.2(4). Clearly T ∩ V is a normal
subgroup of P . Since P is a Sylow p-subgroup of G , by Lemma 2.3 the subgroup T ∩ V is normal in G
and hence T ∩ V = 1 since VG = 1. It follows that D = [T ]V . Hence for a Sylow p-subgroup P0 of
T we have |P0| p. Consequently, T is q-closed. Let Q 0 be the Sylow q-subgroup of T . Then Q 0 is
characteristic in T and hence it is normal in D . This induces that D is q-closed.
(g) If P has maximal subgroups V1 and V2 such that P = V1V2 and V1G = V2G = 1, then PG is q-closed.
Let Di = V Gi . Since V1G = V2G = 1, D1 and D2 are q-closed by (f). Hence by Lemma 2.13,
D = D1D2 is q-closed. But since P  D , PG  D . Hence we have (g).
(h) O p(G) = 1.
Suppose that O p(G) = 1. Then since G = E = QP is not p-nilpotent and G is soluble, Q =
Oq(G) = 1 and so |Q | > q. If either Q is cyclic or every maximal subgroup of Q is n-embedded
in G , then the hypothesis is still true for G/Oq(G) and so G/Oq(G) is q-closed by the choice of G .
But then G is q-closed, which contradicts our assumption. Hence every minimal subgroup of Q is n-
embedded in G . Since |Q | > q, by (e), Oq(G) = G . Since P is not cyclic, for some maximal subgroups
V1 and V2 of P we have P = V1V2 and V1G = V2G = 1. By (g), PG is q-closed. Hence G = PG and so
Oq(G) = G . This contradiction shows that O p(G) = 1.
(i) N = O p(G) is the only minimal normal subgroup of G contained in P and N = GM  Φ(G).
By (b) and Lemma 2.7, the hypothesis is still true on G/N for every minimal normal subgroup N
of G contained in P . Since the class of the q-closed groups is a saturated formation by Lemma 2.13,
N  Φ(G) and so N = GM is the only minimal normal subgroup of G contained in P . Now we
show that N = O p(G). Indeed, let M be a maximal subgroup of G such that G = [N]M . Then
O p(G) = O p(G) ∩ NM = N(O p(G) ∩ M). Since O p(G)  F (G)  CG(N), O p(G) ∩ M is normal in G .
It follows that O p(G) ∩ M = 1 and hence N = O p(G).
(j) |N| > p.
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CG (N) = G and so M is a normal q-closed subgroup of G . This implies that G is q-closed. This con-
tradiction shows that (j) holds.
(k) P has a maximal subgroup V with VG = 1. (This follows directly from (i).)
(l) Oq(G) = 1.
Suppose that Oq(G) = 1. Then by (i), N = F (G) is the only minimal normal subgroup of G . Let V
be a maximal subgroup of P such that VG = 1. Then by (b), G has a normal subgroup T such that
D = V G = V T and T ∩ V = 1. By (f), D is q-closed. Then since Oq(G) = 1, we see that D = P and
|T | = p. It follows that T = N with order p, which contradicts (j).
(m) Every minimal subgroup of Q is n-embedded in G.
By (l), D = Oq(G) = 1. If Q is cyclic or every maximal subgroup of Q is n-embedded in G , then the
hypothesis is still true for G/D and hence G/D is q-closed by the choice of G . But then G is q-closed,
which contradicts our assumption on G . Hence neither Q is cyclic nor every maximal subgroup of Q
is n-embedded in G . Hence by hypothesis we have (m).
Final contradiction for (5).
Since |N| > p and N  Φ(G), P has two different maximal subgroups V1 and V2 such that
P = V1V2 and V1G = V2G = 1. By (g), PG is q-closed. Hence Oq(G) = G . Then by (e) and (m), we
have |Q | = q. It follows from (l) that G is q-closed. This contradiction completes the proof of (5).
(6) P = E.
Indeed, let q be the largest prime divisor of |E| and Q be a Sylow q-subgroup of E . By (5), Q is
normal in E . Then by (2) we have that Q = E = P .
(7) If every maximal subgroup of P is n-embedded in G, then P = GF is a minimal normal subgroup of G
with |P | > p.
Indeed, let N be a minimal normal subgroup of G contained in P . By Lemma 2.7, the hypothesis
holds on G/N and so G/N ∈ F by the choice of G . This implies that N is the only minimal normal
subgroup of G contained in P and N  Φ(G). Let M be a maximal subgroup of G such that G = [N]M .
Then P = P ∩ NM = N(P ∩ M). Since P  F (G) CG (N), P ∩ M is normal in G and hence P ∩ M = 1.
It follows that N = P = GF .
Final contradiction.
First suppose that every cyclic subgroup H of P with prime order and order 4 (if P is a non-abelian
2-group and H  Z∞(G)) is n-embedded in G . Then P = GF by (6) and the choice of (G, E). Let M
be any maximal subgroup of G not containing P . Then M/M ∩ P  G/P ∈ F. Hence by Lemma 2.7 the
hypothesis holds on M and so M ∈ F by the choice of G . This shows that every maximal subgroup
of G not containing P belongs to F. Then by Lemma 2.10, |P | = p. It follows from Lemma 2.9 that
G ∈ F, which contradicts the choice of G . Therefore every maximal subgroup of P is n-embedded
in G . But then by (7), P = GF is a minimal normal subgroup of G and |P | > p, which contradicts
Lemma 2.8(1). Theorem is proved.
5. Proofs of Theorems E, A and B
Proof of Theorem E. Assume that this theorem is false and let (G, E) be a counterexample with |G||E|
minimal. Let F = F (E) and F ∗ = F ∗(E). We use p to denote the smallest prime divisor of |F | and let P
be the Sylow p-subgroup of F . Then:
(1) E is soluble. (It follows from Lemma 2.7(2) and Theorem C.)
(2) F ∗ = F = E and CE (F ) = CE (F ∗) F .
From (1) and Lemma 2.14(3) we have F ∗ = F . Thus, if F = E , then G ∈ F by Theorem D, which
contradicts the choice of G . Hence F ∗ = F = E . Finally, by Lemma 2.14(5), CE (F ) = CE (F ∗) F .
(3) Let V /P = F (E/P ) and Q be a Sylow q-subgroup of V where q divides |V /P |. Then q = p and either
Q  F or p > q and CQ (P ) = 1.
Since V /P is nilpotent and QP/P is a Sylow q-subgroup of V /P , QP/P is characteristic in V /P
and so QP is normal in E . Since q divides |V /P |, q = p. By Theorem D, QP is supersoluble. Assume
q > p. Then Q is normal in QP and hence Q  F = F (E). Next let p > q. Then p > 2 and since p is
the smallest prime divisor of |F |, F is a q′-group. Now let U be a Sylow r-subgroup of F where r = p.
Then r = q and [U , Q ] P . Assume that x ∈ CQ (P ). Then by [10, Chapter 5, Theorem 3.6] and since
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have that CQ (P ) = 1.
(4) p > 2.
Assume that p = 2. Then by (3), F/P = F (E/P ). Besides, by (1) and Lemma 2.14(3), F ∗(E/P ) =
F (E/P ) = F/P = F ∗/P . Thus by Lemma 2.7 the hypothesis is still true for (G/P , E/P ). The choice of
(G, E) implies that G/P ∈ F and therefore G ∈ F by Theorem D, a contradiction.
(5) If for some normal subgroup D of G we have D  P ∩ ZU∞(G), 1 = D0  D1  · · · Dt = D is a chief
series of G below D and C = C1 ∩ C2 ∩ · · · ∩ Ct where Ci = CG(Di/Di−1), then E  C .
Indeed, since |(Di/Di−1)| = p, G/CG (Di/Di−1) is cyclic and hence G/C ∈ F since by hypothesis
F contains all supersoluble groups. Hence G/E ∩ C ∈ F. It is clear that F = F ∗  E ∩ C and so by
Lemma 2.7 the hypothesis is still true for (G, E ∩ C). Therefore E  C by the choice of (G, E).
(6) Every maximal subgroup of P is n-embedded in G .
Suppose that every minimal subgroup of P is n-embedded in G . By Lemma 2.17, P possesses a
characteristic subgroup D of exponent p such that every nontrivial p′-automorphism of P induces a
nontrivial automorphism of D . By Lemma 2.8(2), D  ZU∞(G). Let
1 = D0  D1  · · · Dt = D (∗)
be a chief series of G below D and C = C1 ∩ C2 ∩ · · · ∩ Ct , where Ci = CG(Di/Di−1). Then by (6),
E  C . Now let V /P = F (E/P ) and Q be a Sylow q-subgroup of V , where q divides |V /P |. Then by
(3) either Q  F or p = q and CQ (P ) = 1. In the second case, Q stabilizes the series (∗) and so Q = 1
by [10, Chapter 5, Theorem 3.2]. This contradiction shows that F (E/P ) = F/P and consequently the
hypothesis is still true for (G/P , E/P ). The choice of (G, E) implies that G/P ∈ F and hence G ∈ F by
Theorem D. This contradiction shows that (6) holds.
(7) Every minimal subgroup of P is not normal in G.
Let L be a minimal subgroup of P . Suppose that L is normal in G and let C = CE (L). We shall
show that the hypothesis is true for (G/L,C/L). Indeed, clearly G/C = G/E ∩ CG (L) ∈ F. Besides, since
L  Z(C) and evidently F  C and L  Z(F ), F (C/L) = F/L. Now, by (6) and Lemma 2.7, we see that
the hypothesis is still true for (G/L,C/L). Hence G/L ∈ F and so G ∈ F by Lemma 2.9, a contradiction.
(8) Φ(G) ∩ P = 1.
Suppose that Φ(G) ∩ P = 1. Then P is the direct product of some minimal normal subgroups of G
by Lemma 2.11. Hence by Lemma 2.8(1), P has a maximal subgroup M such that M is normal in G .
Now by [3, A, 9.13], for some minimal normal subgroup L of G contained in P we have |L| = p, which
contradicts (7). Thus Φ(G) ∩ P = 1.
Final contradiction.
Let L be a minimal normal subgroup of G contained in Φ(G) ∩ P . By Lemma 2.12, F/L = F (E/L).
On the other hand, by (1) and Lemma 2.14(3), F ∗(E/L) = F (E/L). Hence F ∗(E/L) = F (E/L) = F ∗(G)/L.
This shows that the hypothesis is still true for (G/L, E/L). The choice of G implies that G/L ∈ F and
thereby G ∈ F since the formation F is saturated. The ﬁnal contradiction completes the proof of the
theorem. 
Proofs of Theorems A and B. In view of Theorem E, we need only to prove that if G is a supersoluble
group, then every maximal subgroup M and every minimal subgroup L of every Sylow subgroup P of
F (G) is n-embedded in G . (Note that since G is supersoluble, F ∗(G) = F (G) and the Sylow 2-subgroup
of F (G) is contained in Z∞(G).) Suppose that Φ = Φ(P ) = 1. Then M/Φ is a maximal subgroup of
the Sylow subgroup P/Φ of F (G/Φ) = F (G)/Φ by Lemma 2.12. By induction M/Φ is n-embedded in
G/Φ . It follows from Lemma 2.7 that M is n-embedded in G . Now suppose that Φ = 1. Then P is a
product of some minimal normal subgroups N1,N2, . . . ,Nt of G and Ni  M for some i. Obviously
Ni ∩ M = 1 and if MG = P , then MNi = MG . Hence M is n-embedded in G . Finally, assume that
1 = P0  P1  · · · Pt = P , where Pi/Pi−1 is a chief factor of G (i = 1,2, . . . , t). Then for some i we
have L  Pi and L ∩ Pi−1 = 1. Hence L is n-embedded in G . 
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Lemma 6.1. Let G be a group and p a prime. Then G is soluble if and only if for every maximal subgroup M
of G either |G : M| is a power of p or M is s-embedded in G.
Proof. First suppose that for every maximal subgroup M of G , either |G : M| is a power of p or M is
s-embedded in G . We prove that G is soluble.
Let L be a minimal normal subgroup of G . By Lemma 2.6, the hypothesis is true for G/L and so
by induction G/L is soluble. Hence we may suppose that L is non-abelian and it is the only minimal
normal subgroup of G . By the Frattini argument, for any prime q dividing |L| and for any Sylow q-
subgroup Q of L, there is a maximal subgroup M of G such that LM = G and NG(Q ) M . It is clear
that MG = 1 and q does not divide |G : M|. We may, without loss of generality, assume that p does not
divide |G : M|. Then by hypothesis M is s-embedded in G . Thus G has an s-permutable subgroup T
such that MsG = MG = G = MT and T ∩ M  MsG = MG = 1. Hence |G : M| = |T |. It follows that q
does not divide |T |. Let X be a minimal subnormal subgroup of G contained in T . Since L is the
unique minimal normal subgroup of G and L is non-abelian, X is a simple non-abelian group and
X  L by Lemma 2.1(6). Since q does not divide |T |, (q, |L|) = 1. This contradiction shows that G is
soluble. 
Finally, suppose that G is soluble and M is a maximal subgroup of G . If M is normal in G , then
obviously M is s-embedded in G . Now let M be not normal in G and T /K a chief factor of G such
that K  M and TM = G = MG = MsG . Then obviously T ∩ M  M and so T ∩ M  MG = MsG by
Lemma 2.4. Therefore M is s-embedded in G .
Proof of Theorem F. First suppose that G is supersoluble and let E be any 2-maximal subgroup of G
with non-primary index |G : E| = pq where p > q. We shall prove by induction on |G| that E both has
a cyclic supplement in EsG and is s-embedded in G .
First suppose that D = EG = 1. Then by induction E/D is s-embedded in G/D and E/D has a
cyclic supplement 〈aD〉 in (E/D)s(G/D) . Hence by Lemma 2.6(2), E is s-embedded in G . On the other
hand, clearly (E/D)s(G/D) = EsG/D , hence 〈a〉 is a cyclic supplement of E in EsG .
Now suppose that D = EG = 1. Then π = π(F (G)) ⊆ {p,q}. Since G is supersoluble, G/F (G) is
abelian. Hence EsG  F (G)E .
Let r be the largest prime divisor of |G| and Gr a Sylow r-subgroup of G . Since G is supersoluble,
Gr is normal in G and hence Gr  F (G). Let L be a minimal normal subgroup of G contained in Gr .
Then L is a cyclic group. Since EG = 1, L  E and r does not divide |G : EL|. Suppose that Gr = F (G).
Then EsG  Gr E = LE . In this case, E(EsG ∩ L) = EsG ∩ EL = EsG and E ∩ (EsG ∩ L) EsG . Hence E is
s-embedded in G and has a cyclic complement in EsG . Finally, suppose that π = {p,q}. Let Q be a
minimal normal subgroup of G contained in a Sylow q-subgroup of F (G). Without loss of generality,
we may assume that r = p. Then G = [LQ ]E and EsG = E(EsG ∩ LQ ). Therefore E both has a cyclic
complement LQ in EsG and is s-embedded in G .
Now suppose that every 2-maximal subgroup E of G with non-primary index |G : E|, both has a
cyclic supplement in EsG and is s-embedded in G . We prove that G is supersoluble. Assume that this
is false and let G be a counterexample of minimal order. Then:
(1) G is not simple.
Suppose that G is a simple non-abelian group. Let M be a maximal subgroup of G and π the set
of all primes dividing |G : M|. Then some maximal subgroup E of M has non-primary index |G : E|
in G . Indeed, if |π | > 1, it is evident. Now let |G : M| = pa for some prime p and let E be a maximal
subgroup of M containing a Sylow p-subgroup of M , then the index |G : E| is non-primary. Hence by
hypothesis E is s-embedded in G . Let T be an s-permutable in G subgroup such that T E = EsG and
T ∩ E  EsG . By Lemma 2.2(3), EsG , EsG and T are all subnormal subgroups of G . Since G is a simple
group, we have that T = G and E = EsG = 1. This implies that |M| is a prime and so G is soluble. This
contradiction shows that (1) holds.
(2) G has a unique minimal normal subgroup L and L = GU  Φ(G) is the U-residual of G.
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G/L and so G/L is supersoluble by the choice of G . Then since the class U of all supersoluble groups
is a saturated formation, we have (2).
(3) G is soluble.
By (1) and (2), G has a normal maximal subgroup, M say, with |G : M| = p for some prime p.
Then every maximal subgroup E of M , for which |M : E| is not a power of p, is s-embedded in G
by hypothesis. Then by Lemma 2.6(3), we know that E is s-embedded in M . Hence M is soluble by
Lemma 6.1 and consequently G is soluble.
(4) G = [L]M for some maximal subgroup M of G, L = CG(L) = O p(G) for some prime p and |L| = p.
By (3), L is a p-group for some prime p. Hence by (2), L = CG(L) = O p(G) and |L| > p since G is
non-supersoluble.
(5) L is not a Sylow p-subgroup of G.
Assume that L is a Sylow p-subgroup of G and let E be a normal maximal subgroup of M . Then
E has non-primary index |G : E| in G and so by hypothesis, E both is s-embedded in G and has a
cyclic supplement X in EsG . Suppose that E = 1 and let V be a maximal subgroup of L. Then by
hypothesis V is s-embedded in G . Let T be an s-permutable in G subgroup such that V sG = V T and
T ∩ V  VsG . Since L is a Sylow p-subgroup of G , the subgroups VsG , V sG and T are normal in G
by Lemma 2.3. Hence T = L and V = 1. But then |L| = p, which contradicts (4). Therefore E = 1.
Let |M : E| = q and Q be a Sylow q-subgroup of M . Clearly Q is a Sylow q-subgroup of G and
so A = EsG Q = Q EsG is a subgroup of G . Since E is normal in M , EG  LE and hence EsG  LE .
Suppose that 1 = L ∩ EsG = L. Then 1 = L ∩ A = L and LA = LEsG Q = LM = G . It follows that L ∩ A is
normal in G , which contradicts the minimality of L. Hence either L ∩ EsG = 1 or L  EsG . First assume
that L ∩ EsG = 1. By Lemma 2.2(3), EsG is subnormal in G . Hence L  NG(EsG) by Lemma 2.1(8). This
means that LEsG = L × EsG and therefore EsG  CG(L) = L. This contradiction shows that L  EsG and
hence EsG = LE = XE . Since L is a Sylow p-subgroup of LE = XE , L is isomorphic with the Sylow
p-subgroup of X and so L is cyclic, which contradicts (4).
(6) M has a non-normal maximal subgroup E such that |M : E| = q = p.
Since M is supersoluble by (2) and (4), every maximal subgroup of M has prime index in M .
Suppose that every maximal subgroup E of M with |M : E| = q = p is normal in M . Then M is q-
nilpotent for all such q and hence M is p-closed, which contradicts (4) and (5). Thus (6) holds.
Final contradiction.
Let E be a non-normal maximal subgroup of M such that |M : E| = q = p. Let D = EsG and T be
a cyclic supplement of E in D . Suppose that M  D . Then evidently D = G . Hence G = ET = MT . It
is clear that K = M ∩ T = 1. Hence KG = K TM = KM  MG = 1. This contradiction shows that M  D .
Hence E = D ∩ M is a subnormal subgroup of M . But since E is maximal in G , E is normal in M . This
ﬁnal contradiction completes the proof of the theorem. 
7. Some applications of the results
Theorems A–E have many corollaries. In particular, in the literature one can ﬁnd the following
special cases of these theorems.
Corollary 7.1. (See Buckley [20].) Let G be a group of odd order. If all subgroups of G of prime order are normal
in G, then G is supersoluble.
Corollary 7.2. (See Srinivasan [21].) If every maximal subgroups of every Sylow subgroups of G is normal in G,
then G is supersoluble.
Corollary 7.3. (See Wang [22].) If all cyclic subgroups of G with prime order and order 4 are c-normal in G,
then G is supersoluble.
Corollary 7.4. (See Wang [22].) If all maximal subgroups of all Sylow subgroups of G are c-normal in G, then G
is supersoluble.
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subgroups and all cyclic subgroups with order 4 of GF are c-normal in G, then G ∈ F.
Corollary 7.6. (See Shaalan [24].) Let G be a group and E a normal subgroup of G with supersoluble quotient.
Suppose that all minimal subgroups of E and all its cyclic subgroups with order 4 are s-permutable in G. Then G
is supersoluble.
Corollary 7.7. (See Ballester-Bolinches, Pedraza-Aguilera [25].) Let F be a saturated formation containing U
and G a group with normal subgroup E such that G/E ∈ F. Assume that a Sylow 2-subgroup of G is abelian. If
all minimal subgroups of E are permutable in G, then G ∈ F.
Corollary 7.8. (See Ramadan [26].) Let G be a soluble group. If all maximal subgroups of all Sylow subgroups
of F (E) are normal in G, then G is supersoluble.
Corollary 7.9. (See Li, Guo [27].) Let G be a group and E a soluble normal subgroup of G with supersoluble
quotient G/E. If all maximal subgroups of all Sylow subgroups of F (E) are c-normal in G, then G is supersol-
uble.
Corollary 7.10. (See Li, Guo [27].) Let G be a group and E a soluble normal subgroup of G with supersoluble
quotient G/E. If all subgroups of F (E) of prime order or order 4 are c-normal in G, then G is supersoluble.
Corollary 7.11. (See Wei [28].) Let F be a saturated formation containing U and G a group with a soluble
normal subgroup E such that G/E ∈ F. If all maximal subgroups of the Sylow subgroups of F (E) are c-normal
in G, then G ∈ F.
Corollary 7.12. (See Wei [28].) Let F be a saturated formation containing U and G a group with a soluble
normal subgroup E such that G/E ∈ F. If all minimal subgroups and all cyclic subgroups with order 4 of F (E)
are c-normal in G, then G ∈ F.
Corollary 7.13. (See Wei, Wang, Li [29].) Let F be a saturated formation containing U and G a group with a
normal subgroup E such that G/E ∈ F. If all maximal subgroups of the Sylow subgroups of F ∗(E) are c-normal
in G, then G ∈ F.
Corollary 7.14. (See Wei, Wang, Li [29].) Let F be a saturated formation containing U and G a group with a
normal subgroup E such that G/E ∈ F. If all minimal subgroups and all cyclic subgroups with order 4 of F ∗(E)
are c-normal in G, then G ∈ F.
Corollary 7.15. (See Ballester-Bolinches, Pedraza-Aguilera [25].) Let F be a saturated formation containing U
and G a group with a soluble normal subgroup E such that G/E ∈ F. If all minimal subgroups and all cyclic
subgroups with order 4 of E are s-permutable in G, then G ∈ F.
Corollary 7.16. (See Asaad, Ramadan, Shaalan [30].) Let G be a group and E a soluble normal subgroup of G
with supersoluble quotient G/E. Suppose that all maximal subgroups of any Sylow subgroup of F (E) are s-
permutable in G. Then G is supersoluble.
Corollary 7.17. (See Asaad [36].) Let F be a saturated formation containing U and G a soluble group with a
normal subgroup E such that G/E ∈ F. Suppose that all maximal subgroups of any Sylow subgroup of F (E)
are s-permutable in G. Then G ∈ F.
Corollary 7.18. (See Asaad [35].) If every subgroup of prime order and every cyclic subgroup of order 4 is
s-permutable in G, then G is supersoluble.
W. Guo, A.N. Skiba / Journal of Algebra 321 (2009) 2843–2860 2859Corollary 7.19. (See Asaad, Csörgo˝ [31].) Let F be a saturated formation containing U and G be a group with a
soluble normal subgroup E such that G/E ∈ F. If all minimal subgroups and all cyclic subgroups with order 4
of F (E) are s-permutable in G, then G ∈ F.
Corollary 7.20. (See Li, Wang [32].) Let F be a saturated formation containing U and G a group with a normal
subgroup E such that G/E ∈ F. If all minimal subgroups and all cyclic subgroups with order 4 of F ∗(E) are
s-permutable in G, then G ∈ F.
Corollary 7.21. (See Li, Wang [33].) Let F be a saturated formation containing U and G a group with a normal
subgroup E such that G/E ∈ F. If all maximal subgroups of all Sylow subgroup of F ∗(E) are s-permutable in G,
then G ∈ F.
Corollary 7.22. (See Huppert [12].) If every 2-maximal subgroup of a group G is normal in G, then G is super-
soluble.
Corollary 7.23. (See Agrawal [15].) If every 2-maximal subgroup of a group G is s-permutable in G, then G is
supersoluble.
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